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Abstract We investigate the formation of rashbon bound states and strong-coupling ef-
fects in an ultracold Fermi gas with a spherical spin-orbit interaction, Hso = λ p ·σ (where
σ = (σx,σy,σz) are Pauli matrices). Extending the strong-coupling theory developed by
Nozie`res and Schmitt-Rink (NSR) to include this spin-orbit coupling, we determine the su-
perfluid phase transition temperature Tc, as functions of the strength of a pairing interaction
Us, as well as the spin-orbit coupling strength λ . Evaluating poles of the NSR particle-
particle scattering matrix describing fluctuations in the Cooper channel, we clarify the re-
gion where rashbon bound states dominate the superfluid phase transition in the Us-λ phase
diagram. Since the antisymmetric spin-orbit interaction Hso breaks the inversion symmetry
of the system, rashbon bound states naturally have, not only a spin-singlet and even-parity
symmetry, but also a spin-triplet and odd-parity symmetry. Thus, our results would be also
useful for the study of this parity mixing effect in the BCS-BEC crossover regime of a spin-
orbit coupled Fermi gas.
PACS 03.75.Ss, 67.85.Lm
1 Introduction
Recently, an ultracold Fermi gas has attracted much attention as a useful quantum simula-
tor to study various many-body problems in strongly correlated Fermi systems1,2,3,4. Using
a tunable s-wave pairing interacting associated with a Feshbach resonance, we can now
study the s-wave Fermi superfluid state from the weak-interacting BCS (Bardeen-Cooper-
Schrieffer) regime to the strong-coupling BEC (Bose-Einstein condensation) limit in a uni-
fied manner5,6,7,8,9,10,11,12,13,14,15. In addition, the recent experimental progress on artificial
gauge field technique16,17,18,19 has enabled us to introduce a spin-orbit interaction to a Fermi
gas, in spite of the fact that this is a neutral gas. In particular, since an antisymmetric spin-
orbit interaction breaks the spatial inversion symmetry, the so-called parity-mixing effect
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has been discussed20,21,22,23,24,25. As an interesting application of this unique phenomenon,
the possibility of a p-wave superfluid Fermi gas by using this effect has been proposed26 .
In this regard, we briefly note that, while a tunable p-wave pairing interaction associated
with a p-wave Feshbach resonance has already been realized27,28,29, the p-wave superfluid
state has not been reported yet. Since this unconventional pairing state has been realized
in various Fermi systems, such as liquid 3He30,31, as well as heavy-fermion superconduc-
tors32,33,34, the realization of a p-wave superfluid Fermi gas with a tunable interaction would
contribute to the further development of unconventional superfluid physics.
Besides the parity-mixing effect, it is also known that a spin-orbit interaction produces a
two-body bound state even in the weak-coupling BCS regime (where the ordinary contact-
type s-wave pairing interaction never produces a bound state). This novel bound state is
sometimes referred to as the rashbon in the literature, and it has also been pointed out
that they enhance the superfluid phase transition temperature Tc in the weak-coupling BCS
regime, as in the case of the strong-coupling BEC regime (where the superfluid phase tran-
sition is dominated by tightly bound two-body states). Thus, when we consider the phase
diagram of a spin-orbit coupled Fermi gas with respect to the strength of a s-wave pairing
interaction and the strength of a spin-orbit interaction, it is an interesting problem to iden-
tify the region where the superfluid phase transition can be well described by the BEC of
rashbons.
In this paper, we investigate a spin-orbit coupled ultracold Fermi gas in the BCS-BEC
crossover region at Tc. To simplify our discussions, we treat the case of a spherical spin-orbit
coupling, Hso = λ p ·σ (where σ = (σx,σy,σz) are Pauli matrices). Within the framework
of the BCS-BEC crossover theory developed by Nozie`res and Schmitt-Rink (NSR)35, we
determine Tc, and an effective Fermi chemical potential µ˜ in a consistent manner. Noting
that the region with a negative Fermi chemical potential at Tc may be regarded as the BEC
regime, we divide the phase diagram of this system into the BCS regime and (molecular)
BEC regime. In addition, using that the rashbon mass is heavier than the mass of a Cooper
pair, we further divide the BEC regime into the “rashbon-BEC regime” and the “ordinary
BEC regime” where the superfluid phase transition is simply dominated by tightly bound
Cooper pairs. Although there is actually no phase transition between, for example, BCS
regime and rashbon-BEC regime, this phase diagram would be helpful to grasp the overall
behavior of a spin-orbit coupled Fermi gas in the BCS-BEC crossover region. Throughout
this paper, we set h¯ = kB = 1, and the system volume V is taken to be unity, for simplicity.
2 Formulation
We consider a spin-orbit coupled two-component Fermi gas with an s-wave pairing interac-
tion −Us (< 0). In the functional integral formalism36,37, this interacting Fermi system is
described by the action,
S =
∫
dx
[
¯Ψ(x)
[ ∂
∂ τ +
pˆ2
2m
−µ +λ pˆ ·σ
]
Ψ (x)−Usψ¯↑(x)ψ¯↓(x)ψ↓(x)ψ↑(x)
]
. (1)
Here, we have employed the simplified notations, x = (r,τ) and
∫
dx =
∫ β
0 dτ
∫
dr, where
β = 1/T is the inverse temperature. ψσ (x) and ψ¯(x) is the Grassmann variable and its
conjugate, describing a Fermi atom with pseudospin σ =↑,↓ (denoting two atomic hyperfine
states) and with atomic mass m. In Eq. (1), Ψ (x) = (ψ↑, ψ¯↓)T , pˆ =−i∇, and µ is the Fermi
chemical potential. λ pˆ ·σ is a spherical spin-orbit interaction with the coupling constant λ ,
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where σ = (σx,σy,σz) are Pauli matrices. We briefly note that λ can be taken to be positive,
without loss of generality.
For the action S in Eq. (1), we evaluate the partition function,
Z =
∫
∏
σ
Dψ¯σ Dψσ e−S. (2)
For this purpose, we conveniently employ the Hubbard-Stratonovich transformation36 , to
carry out the functional integrals with respect to ψσ (x) and ψ¯σ (x), which gives
Z =
∫
D∆∗D∆e−Seff(∆ ,∆∗), (3)
where ∆(x) is a Cooper-pair field, and the effective action Seff has the form,
Seff(∆ ,∆∗) =
∫
dx |∆(x)|
2
Us
−
1
2
Tr ln[− ˆG−1]. (4)
Here,
ˆG−1(x,x′) =

−
∂
∂ τ −
[ pˆ2
2m
−µ
]
− ˆHso iσˆy∆(x)
−iσˆy∆∗(x) −
∂
∂ τ +
[ pˆ2
2m
−µ
]
− ˆH∗so

δ (x− x′) (5)
is the 4×4-matrix single-particle thermal Green’s function in real space39,40.
In the NSR theory35, the superfluid phase transition temperature Tc is conveniently de-
termined from the saddle point condition δ Seff/δ ∆∗(x) = 036 with ∆(x)→ 0. The resulting
Tc-equation formally has the same form as the ordinary BCS gap equation at Tc as,
1 = Us
2 ∑p,α=±
1
2ξ αp tanh
ξ αp
2T
, (6)
where ξ±p = [p±mλ ]2/(2m)− µ˜ is the single-particle dispersion in the presence of the
spherical spin-orbit interaction. µ˜ = µ +mλ 2/2 is the Fermi chemical potential, measured
from the bottom of the lower band. As usual35,36, we solve the Tc-equation, together with
the equation for the total number N =−∂ ΩNSR/∂ µ of Fermi atoms. Here, the NSR thermo-
dynamic potential ΩNSR =−T lnZ is obtained by expanding the action Seff in Eq. (4) around
∆(x) = 0 to the quadratic order, which is followed by carrying out functional integrals with
respect to ∆(x) and ∆∗(x). The resulting NSR number equation is given by
N = ∑
p,α=±
f (ξ αp )−T ∂∂ µ ∑q,iνn ln
[
−Γ−1(q, iνn)
]
eiνnδ , (7)
where f (x) is the Fermi distribution function, νn is the boson Matsubara frequency, and δ
is an infinitely small positive number. In Eq. (7), the first term is just the same form as the
number of free Fermi atoms, and the second term describes fluctuation corrections. Here,
Γ (q, iνn) =
4pias
m
1+ 4pias
m
[
Π (q, iνn)−∑p mp2
] , (8)
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Fig. 1 (Color online) (a) Calculated superfluid phase transition temperature Tc in a spin-orbit coupled ultra-
cold Fermi gas. (b) Effective chemical potential µ˜ at Tc, as a function of the spin-orbit coupling constant λ ,
normalized by the Fermi velocity vF.
is the particle-particle scattering matrix, and
Π (q, iνn) =
1
4 ∑p,α ,α ′=±
1− f (ξ αp+q/2)− f (ξ α ′−p+q/2)
ξ αp+q/2 +ξ α ′−p+q/2− iνn
[
1+αα ′ (p+q/2) · (p−q/2)
|p+q/2||p−q/2|
]
(9)
is the lowest-order pair-correlation function, involving effects of spin-orbit coupling26. As
in the absence of spin-orbit interaction, the pair-correlation function Π (q, iνn) in Eq. (9)
exhibits the ultraviolet divergence. This singularity, however, has been eliminated in Eq. (8),
by introducing the s-wave scattering length as, given by38
4pias
m
=−
Us
1−Us ∑pcp mp2
, (10)
where pc is a momentum cutoff.
3 Phase diagram of an ultracold Fermi gas with a spherical spin-orbit coupling
Figure 1(a) shows the superfluid phase transition temperature Tc in the BCS-BEC crossover
regime of a spin-orbit coupled Fermi gas. In this figure, the spin-orbit interaction is found
to enhance Tc in the weak-coupling BCS regime ((kFas)−1 <∼ −0.5)21,26. As in the strong-
coupling BEC regime with λ ∼ 0 (where tightly bound molecules dominate over the super-
fluid instability), the superfluid phase transition in the weak-coupling BCS regime with a
strong spin-orbit interaction is also dominated by bound states (rashbons). Indeed, as shown
in Fig. 1(b), the effective Fermi chemical potential µ˜ gradually deviates from the Fermi
energy εF with increasing the coupling strength λ , to be negative in the strong spin-orbit
coupling regime, which is just the same as the well-known BCS-BEC crossover behavior of
the Fermi chemical potential in the absence of spin-orbit interaction1,2,3,4. In the latter case,
the Fermi chemical potential µ (Note that µ˜ = µ when λ = 0.) approaches half the binding
energy Ebind = −1/(ma2s ) of a two-body bound state in the BEC limit15. Thus, although
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Fig. 2 (Color online) Boundary between the BCS-type superfluid phase transition (‘BCS’) and the BEC-type
superfluid phase transition (‘rashbon-BEC’ and ‘BEC’), determined from vanishing effective Fermi chemical
potential, µ˜(Tc) = 0 (solid line). The dotted line satisfies the condition Tc = 2|µ˜(Tc)|. In the region between
the dotted line and the solid line (‘FL’), one expects that bound molecules dissociate thermally to some extent.
The dashed line is the boundary between the BEC phase transition of the ordinary stable preformed Cooper
pairs (‘BEC’) and that of rashbons (‘rashbon-BEC’), which is determined from the condition MB/(2m) =
1.02. We note that the no phase transition occurs at the “boundaries” in this figure, but the character of the
superfluid phase transition continuously changes across them.
there is no clear boundary between the BCS-type Fermi superfluid and the BEC of tightly
bound molecules, it is convenient to distinguish between the two by the sign of µ˜ .
Using this criterion, we identify the boundary between the region where the BCS-type
superfluid phase transition occurs at Tc (µ˜(Tc) ≥ 0), and the region where the superfluid
phase transition is dominated by bound molecules (µ˜(Tc) < 0), as the solid line in Fig. 2.
(The condition µ˜(Tc) = 0 is satisfied along this line.) When one simply regards 2µ˜ (< 0)
as the binding energy of a bound molecule, we expect that molecules in the latter region
(µ˜(Tc < 0)) are still affected by thermal dissociation when the “binding energy” 2|µ˜(Tc)|
is smaller than the thermal energy Tc 14. Including this effect, we also draw the line which
satisfies Tc = 2|µ˜(Tc)| in Fig. 2. In this case, the region “FL” is interpreted as the pairing-
fluctuation regime where molecules partially dissociate thermally.
While the molecular BEC region around λ = 0 is dominated by ordinary preformed
Cooper pairs, the molecular region in the weak-coupling regime in Fig. 2 is dominated by
rashbons. Although there is, of course, no clear difference between these molecular states,
it is still convenient to draw a “boundary” between them based on a physical picture. In this
regard, we recall that the mass of a rashbon is known to be different from the mass (= 2m) of
a simple molecule24. Thus, to use this difference, in this paper, we determine the molecular
dispersion (EBq = q2/2MB) at Tc, by evaluating the pole of the analytic continued particle-
particle scattering matrix Γ (q, iνn → ω + iδ ) in Eq. (8). From the molecular dispersion
shown in Fig. 3(a), we then evaluate the molecular mass MB shown in Fig. 3(b), to determine
the region of “rashbon-BEC” in Fig. 2, as the region where MB/(2m) ≥ 1.02. In Fig. 2, the
“BEC” region is thus dominated by stable preformed Cooper pairs with the molecular mass
MB ≃ 2m.
6 T. Yamaguchi et al.
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Fig. 3 (Color online) (a) Dispersion EBq of a bound molecule at Tc. (b) Mass MB of a bound molecule at
Tc when µ˜ < 0. We take (kFas)−1 = 0.8. The filled circle shows the position at which we determined as the
boundary between the “rashbon-BEC” and “BEC” in Fig. 2.
4 Summary
To summarize, we have discussed the superfluid phase transition in a spin-orbit coupled s-
wave ultracold Fermi gas in the BCS-BEC crossover region. In the case of a spherical spin-
orbit coupling, from the sign of the effective Fermi chemical potential, we distinguished the
region where the system is dominated by stable bound molecule (µ˜ < 0) from the ordinary
BCS state (µ˜ ≥ 0) in the phase diagram with respect to the interaction strength −Us and
the spin-orbit coupling strength λ . In addition, using the molecular mass, we also divided
the former region into the rashbon-BEC regime and the BEC regime consisting of ordinary
preformed Cooper pairs. Although these boundaries involve ambiguity because there is ac-
tually no phase transition there, the phase diagram obtained in this paper would be useful in
studying how rashbons affect many-body properties of a spin-orbit coupled ultracold Fermi
gas.
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